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1. Introduction
The Poincaré inequalities have been playing an important role in analysis and related fields during the past several
decades. The study and applications of Poincaré inequalities are now ubiquitous in different areas, including PDEs and
potential analysis. Some versions of the Poincaré inequality with different conditions for various families of functions or
differential forms have been developed in recent years. For example, in 1989, Susan G. Staples in [1] proved the following
Poincaré inequality for Sobolev functions in Ls-averaging domains. If D is an Lp-averaging domain, p ≥ n, then there exists
a constant C , such that(
1
m(D)
∫
D
|u− uD|pdm
)1/p
≤ C(m(D))1/n
(
1
m(D)
∫
D
|∇u|pdm
)1/p
for each Sobolev function u defined in D, where the integral is the Lebesgue integral, andm(D) is the Lebesgue measure of D
as appeared in [1], see [2–11] formore versions of the Poincaré inequality. However,most of these inequalities are developed
with the Lebesguemeasure. In this paper,wewill establish the Poincaré inequalitieswith amore generalmeasure, the Radon
measureµ(x)which is induced by dµ = g(x)dx, where g(x)may be an unbounded function. For example, it is allowed that
g(x) contains a singular factor 1|x−x0|α , here α > 0 is a constant and x0 is some fixed point in the integral domain. We are
interested in the singular factor case because it is very often that we have to deal with the singular factor in applications,
such as in the estimation of the Cauchy operator.
We assume that M is a domain in Rn, n ≥ 2, B and σB are the balls with the same center and diam(σB) = σdiam(B),
σ > 0.We do not distinguish the balls from cubes, throughout this paper. We use |E| to denote the Lebesguemeasure of the
set E ⊂ Rn. Differential forms are extensions of functions inRn. For example, the function u(x1, x2, . . . , xn) is called a 0-form.
Moreover, if u(x1, x2, . . . , xn) is differentiable, then it is called a differential 0-form. The 1-form u(x) in Rn can be written as
u(x) =∑ni=1 ui(x1, x2, . . . , xn)dxi. If the coefficient functions ui(x1, x2, . . . , xn), i = 1, 2, . . . , n, are differentiable, then u(x)
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is called a differential 1-form. Similarly, a differential k-form u(x) is generated by {dxi1 ∧ dxi2 ∧ · · · ∧ dxik}, k = 1, 2, . . . , n,
that is, u(x) = ∑I uI(x)dxI = ∑ ui1 i2···ik(x)dxi1 ∧ dxi2 ∧ · · · ∧ dxik , where I = (i1, i2, . . . , ik), 1 ≤ i1 < i2 < · · · < ik ≤ n.
Let ∧l = ∧l(Rn) be the set of all l-forms in Rn, D′(M,∧l) be the space of all differential l-forms on M and Lp(M,∧l) be the
l-forms u(x) =∑I uI(x)dxI onM satisfying ∫M |uI |p <∞ for all ordered l-tuples I , l = 1, 2, . . . , n. We denote the exterior
derivative by d : D′(M,∧l) → D′(M,∧l+1) for l = 0, 1, . . . , n − 1, and define the Hodge star operator ? : ∧k → ∧n−k
as follows. If u = ui1 i2···ik(x1, x2, . . . , xn)dxi1 ∧ dxi2 ∧ · · · ∧ dxik = uIdxI , i1 < i2 < · · · < ik, is a differential k-form,
then ?u = ?(ui1 i2···ikdxi1 ∧ dxi2 ∧ · · · ∧ dxik) = (−1)
∑
(I)uIdxJ , where I = (i1, i2, . . . , ik), J = {1, 2, . . . , n} − I , and∑
(I) = k(k+1)2 +
∑k
j=1 ij. The Hodge codifferential operator d? : D′(M,∧l+1)→ D′(M,∧l) is given by d? = (−1)nl+1 ?d? on
D′(M,∧l+1), l = 0, 1, . . . , n− 1. We write ‖u‖s,D =
(∫
D |u|s
)1/s and ||u||s,D,µ = (∫D |u|sdµ(x))1/s ,where D ⊂ M , and µ(x)
is the Radon measure. We useW 1,p(M,∧k) to denote the Sobolev space of k-forms. For 0 < p <∞ and the Radon measure
µ(x), the Sobolev norm with Radon measure of u ∈ W 1,p(M,∧k) over D ⊂ M is denoted by
‖u‖W1,p(D,µ) = (diam(D))−1‖u‖p,D,µ + ‖∇u‖p,D,µ. (1.1)
We consider here the solutions to the nonlinear partial differential equation
d?A(x, du) = B(x, du) (1.2)
which is called nonhomogeneous A-harmonic equation, where A : M ×∧l(Rn)→ ∧l(Rn) and B : M ×∧l(Rn)→ ∧l−1(Rn)
satisfy the conditions: |A(x, ξ)| ≤ a|ξ |p−1, A(x, ξ) · ξ ≥ |ξ |p and |B(x, ξ)| ≤ b|ξ |p−1 for almost every x ∈ M and all
ξ ∈ ∧l(Rn). Here a, b > 0 are constants and 1 < p < ∞ is a fixed exponent associated with (1.2). A solution to (1.2) is an
element of the Sobolev spaceW 1,ploc (M,∧l−1) such that
∫
M A(x, du) · dϕ + B(x, du) · ϕ = 0 for all ϕ ∈ W 1,ploc (M,∧l−1) with
compact support. If u is a function (0-form) in Rn, the Eq. (1.2) reduces to
div A(x,∇u) = B(x,∇u). (1.3)
If the operator B = 0, Eq. (1.2) becomes d?A(x, du) = 0, which is called the (homogeneous) A-harmonic equation. Let
A : M × ∧l(Rn) → ∧l(Rn) be defined by A(x, ξ) = ξ |ξ |p−2 with p > 1. Then, A satisfies the required conditions and
d?A(x, du) = 0 becomes the p-harmonic equation d?(du|du|p−2) = 0 for differential forms. If u is a function (0-form),
the above equation reduces to the usual p-harmonic equation div(∇u|∇u|p−2) = 0 for functions. See [12–14,10,15,11] for
recent results on the solutions to the different versions of the A-harmonic equation.
Let D ⊂ Rn be a bounded and convex domain. The linear operator Ky : C∞(D,∧l)→ C∞(D,∧l−1) was first introduced
in [16], and then it was generalized to the following version in [17]. For any y ∈ D, there exists a linear operator
Ky : C∞(D,∧l) → C∞(D,∧l−1) defined by (Kyω)(x; ξ1, . . . , ξl−1) =
∫ 1
0 t
l−1ω(tx + y − ty; x − y, ξ1, . . . , ξl−1)dt and
the decomposition ω = d(Tω) + T (dω) holds. The homotopy operator T : C∞(D,∧l) → C∞(D,∧l−1) is defined by
Tω = ∫D ϕ(y)Kyωdy, averaging Ky over all points y in D, where ϕ ∈ C∞0 (D) is normalized by ∫D ϕ(y)dy = 1. The l-form
ωD ∈ D′(D,∧l) is defined by ωD = |D|−1
∫
D ω(y)dy, l = 0, and ωD = d(Tω), l = 1, 2, . . . , n, for all ω ∈ Lp(D,∧l),
1 ≤ p < ∞. From [17], we know that for any bounded and convex domain D, we have ‖∇(Tu)‖s,D ≤ C |D|‖u‖s,D and
‖Tu‖s,D ≤ C |D|diam(D)‖u‖s,D. From [18, Page 16], any open subset Ω in Rn is the union of a sequence of cubes Qk, whose
sides are parallel to the axes, whose interiors are mutually disjoint, and whose diameters are approximately proportional to
their distances from F . More explicitly: (i)Ω = ∪∞k=1 Qk, (ii) Q 0j ∩ Q 0k = φ if j 6= k, (iii) there exist two constants c1, c2 > 0
(we can take c1 = 1, and c2 = 4), so that c1diam(Qk) ≤ distance Qk from F ≤ c2diam(Qk). Hence, the definition of the
homotopy operator T can be extended to any domainΩ in Rn: For any x ∈ Ω , x ∈ Qk for some k. Let TQk be the homotopy
operator defined on Qk (each cube is bounded and convex). Thus, we can define the homotopy operator TΩ on any domain
Ω by TΩ =∑∞k=1 TQkχQk . Hence, for any bounded domain G and any differential form u ∈ Lsloc(G,∧l), we have
‖∇(Tu)‖s,G ≤ C |G|‖u‖s,G, ‖Tu‖s,G ≤ C |G|diam(G)‖u‖s,G, (1.4)
where C is a constant, independent of u, and l = 1, 2, . . . , n, 1 < s <∞.
2. Local inequalities
We first introduce the following lemmas that will be used to prove the local Poincaré inequality with the Radonmeasure.
Lemma 2.1 ([8]). Let u be a differential form satisfying the nonhomogeneous A-harmonic equation (1.2) in M, σ > 1 and
0 < s, t < ∞. Then, there exists a constant C, independent of u, such that ‖du‖s,B ≤ C |B|(t−s)/st‖du‖t,σB for all balls or
cubes B with σB ⊂ M.
Lemma 2.2. Let 0 < α <∞, 0 < β <∞ and s−1 = α−1 + β−1. If f and g are measurable functions on Rn, then
‖ fg ‖s,E ≤‖ f ‖α,E · ‖ g ‖β,E (2.1)
for any E ⊂ Rn.
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Now, we prove the following local Poincaré inequality with the Radon measure which will be used to establish the global
inequality in the next section.
Theorem 2.3. Let u ∈ Lsloc(M,∧l) be a solution of the nonhomogeneous A-harmonic equation (1.2) in a bounded domain M,
du ∈ Lsloc(M,∧l+1), l = 0, 1, . . . , n − 1 and 1 < s < ∞. Then, for any ball B with σB ⊂ M, there exists a constant C,
independent of u, such that(∫
B
|u− uB|sdµ
)1/s
≤ C |B|γ
(∫
σB
|du|sdν
)1/s
, (2.2)
where the Radon measures µ and ν are induced by dµ = g(x)dx and dν = h(x)dx, respectively, with g, h ∈ L1loc(M),
0 < g(x) ≤ K1|x−xB|α and
K2
|x−xB|λ ≤ h(x). Here K1, K2, α, λ and σ are some constants with K1 > 0, K2 > 0, n > α > λ,
σ > 1, and γ = 1+ 1n − α−λns , xB is the center of ball B.
Proof. Assume that ε ∈ (0, 1) is small enough so that εn < α − λ and B ⊂ M is any ball with center xB and radius rB.
Also, let δ > 0 be small enough, Bδ = {x ∈ B : |x − xB| ≤ δ} and Dδ = B \ Bδ . For any differential forms u, we have
u = d(Tu)+ T (du) = uB + T (du), where d is the exterior differential operator and T is the homotopy operator. From (1.4),
we obtain
‖u− uB‖s,B = ‖T (du)‖s,B ≤ C1|B|diam(B)‖du‖s,B. (2.3)
Since 0 < g(x) ≤ K1|x−xB|α , it follows that(∫
Dδ
|u− uB|sdµ
)1/s
=
(∫
Dδ
|u− uB|sg(x)dx
)1/s
≤
(∫
Dδ
|u− uB|s K1|x− xB|α dx
)1/s
. (2.4)
Choose t = s/(1− ε), then t > s. Select β = t/(t − s). By the Hölder inequality, (2.3) and (2.4), we obtain(∫
Dδ
|u− uB|sdµ
)1/s
≤
(∫
Dδ
(
|u− uB|
)s
K1
|x− xB|α dx
)1/s
=
(∫
Dδ
(
|u− uB| C2|x− xB|α/s
)s
dx
)1/s
≤ ‖u− uB‖t,Dδ
(∫
Dδ
(
C2
|x− xB|
)tα/(t−s)
dx
)(t−s)/st
= ‖u− uB‖t,Dδ
(∫
Dδ
C3|x− xB|−αβdx
)1/βs
≤ ‖u− uB‖t,B · ‖|x− xB|−α‖1/sβ,Dδ
≤ C4|B|diam(B)‖du‖t,B · ‖|x− xB|−α‖1/sβ,Dδ . (2.5)
We may suppose that xB = 0. Otherwise, we can move the center to the origin by a simple transformation. Thus, for any
x ∈ B, |x− xB| ≥ |x| − |xB| = |x|. Using the polar coordinate substitution, we find that
‖|x− xB|−α‖1/sβ,Dδ =
(∫
Dδ
|x− xB|−αβdx
)1/sβ
≤
(
C5
∫ rB
δ
ρ−αβρn−1dρ
)1/sβ
=
∣∣∣∣ C5n− αβ (rn−αβB − δn−αβ)
∣∣∣∣1/sβ
≤ C6
∣∣∣rn−αβB − δn−αβ ∣∣∣1/sβ . (2.6)
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Setm = nst/(ns+ αt − λt), then 0 < m < s. From Lemma 2.1, we have
‖du‖t,B ≤ C7|B|m−tmt ‖du‖m,σB, (2.7)
where σ > 1 is a constant. Using the Hölder inequality again, we obtain
‖du‖m,σB =
(∫
σB
(|du|(h(x))1/s(h(x))−1/s)m dx)1/m
≤
(∫
σB
|du|sh(x)dx
)1/s (∫
σB
(
1
h(x)
1/s) mss−m
dx
) s−m
ms
≤
(∫
σB
|du|sh(x)dx
)1/s (∫
σB
(
1
h(x)
) m
s−m
dx
) s−m
ms
≤
(∫
σB
|du|sh(x)dx
)1/s (∫
σB
( |x− xB|λ
K2
) m
s−m
dx
) s−m
ms
≤
(∫
σB
|du|sh(x)dx
)1/s
C8(σ rB)λ/s+n(s−m)/ms
≤ C9
(∫
σB
|du|sdν
)1/s
(rB)λ/s+n(s−m)/ms. (2.8)
By a simple calculation, we find that n− αβ + λβ + nβ(s−m)/m = 0. Substituting (2.6)–(2.8) into (2.5) yields
(∫
Dδ
|u− uB|sdµ
)1/s
≤ C10|B|1+ 1n+m−tmt
(∫
σB
|du|sdν
) 1
s
r
λ
s + n(s−m)ms
B
∣∣∣rn−αβB − δn−αβ ∣∣∣1/sβ
= C10|B|1+ 1n+m−tmt
(∫
σB
|du|sdν
) 1
s [
r
( λs + n(s−m)ms )sβ
B
∣∣∣rn−αβB − δn−αβ ∣∣∣]1/sβ
= C10|B|1+ 1n+m−tmt
(∫
σB
|du|sdν
) 1
s ∣∣∣∣C11rn−αβ+λβ+ nβ(s−m)mB − δn−αβrλβ+ nβ(s−m)mB ∣∣∣∣1/sβ
≤ C10|B|1+ 1n+m−tmt
(∫
σB
|du|sdν
) 1
s [
C11r
n−αβ+λβ+ nβ(s−m)m
B − δn−αβδλβ+
nβ(s−m)
m
]1/sβ
≤ C10|B|1+ 1n+m−tmt
(∫
σB
|du|sdν
) 1
s [
C11r
n−αβ+λβ+ nβ(s−m)m
B + δn−αβ+λβ+
nβ(s−m)
m
]1/sβ
≤ C12|B|1+ 1n− α−λns
(∫
σB
|du|sdν
) 1
s
≤ C12|B|γ
(∫
σB
|du|sdν
) 1
s
,
that is,
(∫
Dδ
|u− uB|sdµ
)1/s
≤ C12|B|γ
(∫
σB
|du|sdν
) 1
s
. (2.9)
Notice that limδ→0
(∫
Dδ
|u− uB|sdµ
)1/s = (∫B |u− uB|sdµ)1/s. Letting δ → 0 in (2.9), we obtain (2.2). The proof of
Theorem 2.3 has been completed. 
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Let g(x) = 1|x−xB|α and h(x) = 1|x−xB|λ in Theorem 2.3, where α and λ are constants with α > λ. We have the following
version of the Poincaré inequality with the Radon measures.
Corollary 2.4. Let u ∈ Lsloc(M,∧l) be a solution of the nonhomogeneous A-harmonic equation (1.2) in a bounded domain M,
du ∈ Lsloc(M,∧l+1), l = 0, 1, . . . , n− 1 and 1 < s <∞. Then, there exists a constant C, independent of u, such that
‖u− uB‖s,B,µ ≤ C |B|γ ‖du‖s,σB,ν (2.10)
for all balls B with σB ⊂ M, σ > 1, where the Radon measures µ and ν are induced by dµ = g(x)dx and dν = h(x)dx,
respectively, with g(x) = 1|x−xB|α and h(x) = 1|x−xB|λ . Here α and λ are some constants with α > λ, and γ = 1+
1
n − α−λns , xB is
the center of ball B.
Let u ∈ Lsloc(M,∧0) be a solution of Eq. (1.3). From (1.1), we have
‖u− uB‖W1,s(B,µ) = (diam(B))−1‖u− uB‖s,B,µ + ‖∇(u− uB)‖s,B,µ (2.11)
for any ball B ⊂ M . Note that ‖∇u‖s,B,µ = ‖du‖s,B,µ and ‖d(uB)‖s,B,µ = 0 now. Hence,
‖∇(u− uB)‖s,B,µ = ‖d(u− uB)‖s,B,µ ≤ ‖du‖s,B,µ + ‖duB‖s,B,µ = ‖du‖s,B,µ. (2.12)
Substituting (2.12) into (2.11) and using (2.2) and the fact that diam(B) = C1|B|1/n for some constant C1 > 0, we have
‖u− uB‖W1,s(B,µ) = C2|B|−1/n‖u− uB‖s,B,µ + ‖du‖s,B,µ
≤ C3|B|−1/n|B|1+1/n−(α−λ)/ns‖du‖s,σ1B,ν + ‖du‖s,B,µ
≤ C3|B|1−(α−λ)/ns‖du‖s,σ1B,ν + ‖du‖s,B,µ. (2.13)
Using the same method as we developed in the proof of Theorem 2.3, we have
‖du‖s,B,µ ≤ C4|B|(λ−α)/ns‖du‖s,σ2B,ν . (2.14)
Combining (2.13) and (2.14) and noticing thatM is bounded and B ⊂ M , we find that
‖u− uB‖W1,s(B,µ) ≤ (C3|B| + C4)|B|(λ−α)/ns‖du‖s,σB,ν ≤ C5|B|(λ−α)/ns‖du‖s,σB,ν,
where σ = max{σ1, σ2}. Hence, we obtain the following Sobolev–Poincaré imbedding inequality with the Radon measure.
Corollary 2.5. Let u ∈ Lsloc(M,∧0) be a solution of Eq. (1.3) and all other conditions in Theorem 2.3 are satisfied. Then, there
exists a constant C, independent of u, such that
‖u− uB‖W1,s(B,µ) ≤ C |B|(λ−α)/ns‖du‖s,σB,ν
for all balls B with σB ⊂ M, σ > 1.
3. Global inequalities
In this section, we will prove the global Poincaré inequalities with the Radon measures. We first introduce the definition
of John domains and the Covering Lemma.
Definition 3.1. A proper subdomainΩ ⊂ Rn is called a δ-John domain, δ > 0, if there exists a point x0 ∈ Ω which can be
joined with any other point x ∈ Ω by a continuous curve γ ⊂ Ω so that
d(ξ , ∂Ω) ≥ δ|x− ξ |
for each ξ ∈ γ . Here d(ξ , ∂Ω) is the Euclidean distance between ξ and ∂Ω .
Lemma 3.2 ([14] Covering Lemma). Each Ω has a modified Whitney cover of cubes V = {Qi} such that ∪i Qi = Ω,∑
Qi∈V χ
√
5
4 Qi
≤ NχΩ and some N > 1, and if Qi ∩ Qj 6= ∅, then there exists a cube R (this cube need not be a member of
V) in Qi∩Qj such that Qi∪Qj ⊂ NR. Moreover, if Ω is δ-John, then there is a distinguished cube Q0 ∈ V which can be connected
with every cube Qm ∈ V by a chain of cubes Q0,Q1, . . . ,Qk = Qm from V and such that Qm ⊂ ρQi, i = 0, 1, 2, . . . , k, for some
ρ = ρ(n, δ).
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Theorem 3.3. Let Ω be any bounded and convex δ-John domainΩ ⊂ Rn and u ∈ Ls(Ω,∧0) be a solution of the nonhomoge-
neous A-harmonic equation (1.3), du ∈ Ls(Ω,∧1), and 1 < s <∞. Then, there exists a constant C, independent of u, such that(∫
Ω
|u− uQ0 |sdµ
)1/s
≤ C |Ω|γ
(∫
Ω
|du|sdν
)1/s
, (3.1)
where the Radon measures µ and ν are induced by dµ = g(x)dx and dν = h(x)dx, respectively, with g, h ∈ L1(Ω),
0 < g(x) ≤ K1dα(x,∂Ω) and
∑
i χQi
K2
|x−xQi |λ
≤ h(x), xQi is the center of Qi with Ω = ∪i Qi, and γ = 1 + 1n − α−λns . Here
K1, K2, α, λ are some constants with K1, K2 > 0, λ < α < min{n, s+ λ+ n(s− 1)}, and the fixed cube Q0 ⊂ Ω , the constant
N > 1 and the cubes Qi appeared in Lemma 3.2.
Proof. Wemay assume g(x) ≥ 1 a.e. Otherwise, letΩ1 = Ω ∩ {x ∈ Ω : 0 < g(x) < 1} andΩ2 = Ω ∩ {x ∈ Ω : g(x) ≥ 1},
thenΩ = Ω1 ∪Ω2. We define the new function G(x) by
G(x) =
{
1, x ∈ Ω1
g(x), x ∈ Ω2.
Also, we choose the constant K1 ≥ diamα(Ω), then K1dα(x,∂Ω) ≥ 1 for any x ∈ Ω . Therefore, G(x) ≥ g(x), and G(x) satisfies all
conditions required for g(x), particularly, 0 < G(x) ≤ K1dα(x,∂Ω) and(∫
Ω
|u− uQ0 |sdµ
)1/s
=
(∫
Ω
|u− uQ0 |sg(x)dx
)1/s
≤
(∫
Ω
|u− uQ0 |sG(x)dx
)1/s
(3.2)
with G(x) ≥ 1. Hence, we may suppose that g(x) ≥ 1 a.e. and have
µ(Q ) =
∫
Q
dµ =
∫
Q
g(x)dx ≥
∫
Q
dx = |Q |. (3.3)
We use the notation appearing in Lemma 3.2. There is amodifiedWhitney cover of cubesV = {Qi} forΩ such thatΩ = ∪Qi,
and
∑
Qi∈V χ
√
5
4 Qi
≤ NχΩ for some N > 1. SinceΩ = ∪Qi, for any x ∈ Ω , it follows that x ∈ Qi for some i. It is easy to check
that all conditions in Theorem 2.3 are satisfied. Applying Theorem 2.3 to Qi, we obtain(∫
Qi
|u− uQi |sdµ
)1/s
≤ C1|Qi|γ
(∫
σQi
|du|sdν
)1/s
, (3.4)
where σ > 1 is a constant. Using the elementary inequality (a+ b)s ≤ 2s(|a|s + |b|s), s ≥ 0, we have(∫
Ω
|u− uQ0 |sdµ
)1/s
=
(∫
∪Qi
|u− uQ0 |sdµ
)1/s
≤
(∑
Qi∈V
(
2s
∫
Qi
|u− uQi |sdµ+ 2s
∫
Qi
|uQi − uQ0 |sdµ
))1/s
≤ C2(s)
((∑
Qi∈V
∫
Qi
|u− uQi |sdµ
)1/s
+
(∑
Qi∈V
∫
Qi
|uQi − uQ0 |sdµ
)1/s)
(3.5)
for a fixed Q0 ⊂ Ω . The first sum in (3.5) can be estimated by using Theorem 2.3 and the Covering Lemma(∑
Qi∈V
∫
Qi
|u− uQi |sdµ
)1/s
≤
(∑
Qi∈V
C3|Qi|sγ
∫
σQi
|du|sdν
)1/s
≤
(
C3|Ω|sγ
∑
Qi∈V
∫
σQi
|du|sdν
)1/s
≤ C4|Ω|γ
(∫
Ω
|du|sdν
)1/s
. (3.6)
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We use the properties of δ-John domain to estimate the second sum in (3.5). Fix a cube Qm ∈ V and let Q0,Q1, . . . ,Qk = Qm
be the chain in Lemma 3.2.
|uQm − uQ0 | ≤
k−1∑
i=0
|uQi − uQi+1 |. (3.7)
The chain {Qi} also has property that, for each i, i = 0, 1, . . . , k − 1, with Qi ∩ Qi+1 6= ∅, there exists a cube Di such that
Di ⊂ Qi ∩ Qi+1 and Qi ∪ Qi+1 ⊂ NDi, N > 1.
max{|Qi|, |Qi+1|}
|Qi ∩ Qi+1| ≤
max{|Qi|, |Qi+1|}
|Di| ≤ C5.
For such Dj, j = 0, 1, . . . , k− 1, Let |D| = min{|D0|, |D1|, . . . , |Dk−1|}, then
max{|Qi|, |Qi+1|}
|Qi ∩ Qi+1| ≤
max{|Q0|, |Q1|, . . . , |Qk|}
|D| ≤ C6. (3.8)
By (3.3), (3.7), (3.8) and (3.4), we have
|uQi − uQi+1 |s =
1
µ(Qi ∩ Qi+1)
∫
Qi∩Qi+1
|uQi − uQi+1 |sdµ
≤ 1|Qi ∩ Qi+1|
∫
Qi∩Qi+1
|uQi − uQi+1 |sdµ
≤ C7
max{|Qi|, |Qi+1|}
∫
Qi∩Qi+1
|uQi − uQi+1 |sdµ
≤ C8
i+1∑
j=i
1
|Qj|
∫
Qj
|u− uQj |sdµ
≤ C9
i+1∑
j=i
|Qj|γ s
|Qj|
∫
σQj
|du|sdν
= C9
i+1∑
j=i
|Qj|γ s−1
∫
σQj
|du|sdν. (3.9)
Since Qm ⊂ ρQj for j = i, i+ 1, 0 ≤ i ≤ k− 1, and γ s− 1 > 0 when λ < α < min{n, s+ λ+ n(s− 1)}, using (3.9) we find
that
|uQi − uQi+1 |sχQm(x) ≤ C10
i+1∑
j=i
χρQj(x)|Qj|γ s−1
∫
σQj
|du|sdν
≤ C11
i+1∑
j=i
χρQj(x)|Ω|γ s−1
∫
σQj
|du|sdν
≤ C11|Ω|γ s−1
i+1∑
j=i
χρQj(x)
∫
σQj
|du|sdν. (3.10)
Taking the sth root both sides in (3.10), and using (a+ b)1/s ≤ 21/s(|a|1/s + |b|1/s), (3.7) and (3.8), we obtain
|uQm − uQ0 |χQm(x) ≤ C12|Ω|γ−1/s
∑
Di∈V
(∫
σDi
|du|sdν
)1/s
· χρDi(x) (3.11)
for every x ∈ Rn. Raising both sides of inequality (3.11) to s powers, and then integrating over Rn both sides, we have
∑
Qm∈V
∫
Qm
|uQm − uQ0 |sdµ ≤ C13|Ω|γ s−1
∫
Rn
∣∣∣∣∣∣
∑
Di∈V
(∫
σDi
|du|sdν
)1/s
χρDi(x)
∣∣∣∣∣∣
s
dµ. (3.12)
Notice that∑
Di∈V
χρDi(x) ≤
∑
Di∈V
χρNDi(x) ≤ NχΩ(x).
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Using elementary inequality |∑Mi=1 ti|s ≤ Ms−1∑Mi=1 |ti|s for s > 1, we finally have(∑
Qm∈V
∫
Qm
|uQm − uQ0 |sdµ
)1/s
≤ C14|Ω|γ−1/s
(∫
Rn
(∑
Di∈V
(∫
σDi
|du|sdν
)
χρDi(x)
)
dµ
)1/s
= C15|Ω|γ−1/s
(∑
Di∈V
(∫
σDi
|du|sdν
))1/s
≤ C16|Ω|γ
(∫
Ω
|du|sdν
)1/s
. (3.13)
Substituting (3.6) and (3.13) in (3.5), we obtain (3.1). The proof of Theorem 3.3 has been completed. 
Similarly, choose g(x) = 1dα(x,∂Ω) and h(x) =
∑
i χQi
K
|x−xQi |λ
in Theorem 3.3, where xQi is the center of Qi with Ω = ∪i Qi,
α > λ and K > 0. We have the following version of the Poincaré inequality with the Radon measures.
Corollary 3.4. Let u ∈ Ls(Ω,∧0) be a solution of the nonhomogeneous A-harmonic equation (1.3), du ∈ Ls(Ω,∧1), 1 < s <∞.
Then, there exists a constant C, independent of u, such that
‖u− uQ0‖s,Ω,µ ≤ C |Ω|γ ‖du‖s,Ω,ν (3.14)
for any bounded and convex δ-John domainΩ ⊂ Rn and γ = 1+ 1n − α−λns , where the Radon measures µ and ν are induced by
g(x) = 1dα(x,∂Ω) and h(x) =
∑
i χQi
K
|x−xQi |λ
respectively, where xQi is the center of Qi withΩ = ∪i Qi, Here K , α, λ are constants
with K > 0, λ < α < min{n, s+ λ+ n(s− 1)}, and the fixed cube Q0 ⊂ Ω , the constant N > 1 and the cubes Qi appeared in
Lemma 3.2.
Using (1.1) and (3.1) and noticing the fact that |Ω| <∞ sinceΩ is bounded, we have
‖u− uQ0‖W1,s(Ω,µ) = (diam(Ω))−1‖u− uQ0‖s,Ω,µ + ‖∇(u− uQ0)‖s,Ω,µ
≤ (diam(Ω))−1C1|Ω|γ ‖du‖s,Ω,ν + ‖d(u− uQ0)‖s,Ω,µ
≤ C1|Ω|1−(α−λ)/ns‖du‖s,Ω,ν + ‖du‖s,Ω,µ
≤ C2‖du‖s,Ω,ν + ‖du‖s,Ω,µ. (3.15)
Thus, we have the following global Sobolev–Poincaré imbedding inequality with the Radon measure.
Corollary 3.5. Assume that all conditions in Theorem 3.3 are satisfied. Then, there exists a constant C, independent of u, such
that
‖u− uQ0‖W1,s(Ω,µ) ≤ C‖du‖s,Ω,ν + ‖du‖s,Ω,µ
for any bounded and convex δ-John domainΩ ⊂ Rn.
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